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An examina t ion  is m a d e  of  different  variants  of  the d e t e r m i n a -  

tion of t he rma l  diffusivi ty when boundary conditions fixed in 

t ime  are  imposed.  It is shown that  for these cases the the rma l  

diffusivi ty m a y  be de t e rmined  by a single me thod .  

Under  mixed  bounda ry  cond i t ions ,  by which we un-  
d e r s t a n d  a combina t ion  of b o u n d a r y  condi t ions  of  the  
f i r s t  and second o r  of the  second  and th i rd  k inds ,  the  
f ina l  ob j ec t i ve  in  the  m a j o r i t y  of c a s e s  i s  to d e t e r m i n e  
the  t h e r m a l  d i f fus iv i ty  by an abso lu t e  o r  a c o m p a r a -  
t i v e l y  s t a t i o n a r y  me thod .  Use  of  an u n s t e a d y  t h e r m a l  
s t a t e  p r e c e d i n g  a s t e ady  s t a t e  p e r m i t s  us,  even in  th i s  
ca se ,  to i n t roduce  at  l e a s t  two c o n s t a n t s ,  such as  the  
cool ing  r a t e  [1], knowledge  of  wh ich  a l lows  us  a lways  
to d e t e r m i n e  the t h e r m a l  d i f fus iv i ty :  Befo re  c o n s i d e r -  
ing  t h e s e  quan t i t i e s ,  we Shall  t u r n  to the  c a s e  when 
bounda ry  condi t ions  of  the  f i r s t  k ind  p r e v a i l  on the  
s u r f a c e  of a s p e c i m e n .  

The t h e o r e t i c a l  b a s i s  for  d e t e r m i n a t i o n  of  t h e r m a l  
d i f fus iv i ty  m a y  be any so lu t ion  [2] with boundary  con -  
d i t ions  of the  f i r s t  o r  of the  t h i r d  k ind .  

We sha l l  c o n s i d e r  one of the  p o s s i b l e  v a r i a n t s  of  
m e thods  for  d e t e r m i n i n g  the t h e r m a l  d i f fus iv i ty  of  s o l -  
i d s  in  the  f o r m  of  p l a t e s  o r  d i s c s .  The e x p r e s s i o n  fo r  
the  r e l a t i v e  d i m e n s i o n l e s s  t e m p e r a t u r e  at  the  c e n t e r  
of  a p la t e  whose  s u r f a c e  i s  m a i n t a i n e d  at  a cons tan t  
t e m p e r a t u r e  has  the  fo l lowing f o r m  [2]o" 

Oc - t ( x ,  r ) - - t  c --~]~A. e x p ( - - ~ F o )  (1) 
t ~  - -  t c 

r t ~ [  

When Fo -> 0 ~ the  t e m p e r a t u r e  f ie ld  of a p l a t e  i s  
~ 

d e s c r i b e d  by the f i r s t  t e r m  of  the s e r i e s  (1), to a high 
d e g r e e  of a c c u r a c y .  T h e r e f o r e  

Oc = 2 exp ( - -  ltt?Fo) pj = ~ (2) 
~t 1 ~ T " 

It  fo l lows f r o m  (2) tha t  

4R -~ In 01 - -  In O,, 
a = - ( 3 )  

~2 T2 ~ T1 

Rela t i on  (3) d i f f e r s  f r o m  the c o r r e s p o n d i n g  r e l a t i o n  in 
r e g u l a r  r e g i m e  t h e o r y  only as  r e g a r d s  the  coeff ic ient~  
The coe f f i c i en t  a p p e a r i n g  in (3) could be ca l l ed  the  
shape  coe f f i c i en t  of an in f in i te  p l a t e .  However ,  in our  
opinion;  th i s  t e r m  i s  not  e n t i r e l y  fo r tuna te .  In fac t ,  in 
the  c a s e ,  for  e x a m p l e ,  of a m u l t i - l a y e r  p la te ,  the  
shape  and the  n a t u r e  of the  v a r i a t i o n  of the  t e m p e r a -  
t u r e  f ie ld  a r e  r e t a i n e d ,  ev iden t ly ,  as  be fo r e ,  but  the  
coe f f i c i en t  of  (3) wi l l  be d i f f e r en t .  

It i s  not d i f f icu l t  to  show tha t  the  va lue  of the  c o o l -  
ing  r a t e  in (3) m a y  be r e p l a c e d  in  p r i n c i p l e  by ano ther  
quant i ty ,  which,  l ike  the  f i r s t ,  i s  a cons t an t .  In fact ,  
a t  the  s t age  of  an e s t a b l i s h e d  ( r e g u l a r )  t h e r m a l  p r o c e s s  

@ = AU exp ( - -  m ~), 

d O t  b a - -  m AU e• ( - -  m Ta), 
d "q 

d 02 _ b2 mAU exp ( - -  m %), 
d r 2 

In @~--1nO2 In b l - - l n b  2 
- -  - -  171. 
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The mean ing  of the  subs t i tu t ion  b e c o m e s  c l e a r  when 
an a n a l y s i s  i s  m a d e  of so lu t ions  wi th  combined  bound-  
a r y  cond i t ions .  

We sha l l  e xa mine  the  so lu t ion  of the  p r o b l e m  of 
hea t ing  of one s u r f a c e  of an in f in i te  p la te  by  a cons tan t  
hea t  f lux unde r  the  condi t ion  tha t  the  o the r  su r f ace  i s  
m a i n t a i n e d  at  cons t an t  t e m p e r a t u r e  [3]: 

qR 2 qR , ~  exp ( - -~2Fo)  

n--I 

0 c = t~ - -  t o -- - -  

When Fo > 0.3 

qR -- p~ Fo). (4) Oe -- q~z 2 ~ e• ( 

It follows from (4) that 

In b~ - -  In b o a 2 
- a = m ,  ( 5 )  
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4R ~ In b 1 - -  In b2 a - ( G )  
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It i s  c l e a r  f r o m  (5) tha t  the  new quant i ty  (it could 
be ca l l ed  the  r a t e  of change  of hea t ing  r a t e )  i s  con-  
s tan t  even  under  combined  bounda ry  cond i t ions .  It 
should be  s t r e s s e d  tha t  the  fac t  t ha t  t h i s  quant i ty  i s  
cons t an t  not  only  for  the  s p e c i a l  e x a m p l e s  examined  
but  in g e n e r a l  fo r  a l l  c a s e s  for  which the  end r e s u l t  of 
the  d e v e l o p m e n t  of the  t e m p e r a t u r e  f ie ld  i s  a s t e ady  
t h e r m a l  s t a t e .  

D e t e r m i n a t i o n  of the  t h e r m a l  conduc t iv i ty  on the b a -  
s i s  of (6) a s s u m e s  the  need  to know the  n a t u r e  of the  
v a r i a t i o n  of the  t e m p e r a t u r e  f ie ld  t = f ( r )  and r e q u i r e s  
subsequen t  p r o c e s s i n g  of th i s  quant i ty  in o r d e r  to con-  
s t r u c t  the  g raph  In b = ~p(r) ( t h e o r e t i c a l l y  a s t r a i g h t  
l ine) .  However ,  d e t e r m i n a t i o n  of the  r a t e  of hea t ing  
i s  a s s o c i a t e d  with  s u b s t a n t i a l  e r r o r s .  F o r  th i s  r e a s o n  
i t  i s  p r e f e r a b l e  to use  ano the r  v a r i a n t  for  the  c a l c u l a -  
t ion  of t h e r m a l  d i f fus iv i ty ,  which,  o the r  condi t ions  
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be ing  equal ,  l e a d s  to s m a l l e r  e r r o r s  than the c a l c u l a -  
t ion on the b a s i s  of (6). In fact ,  the  f i r s t  t e r m  on the 
r igh t  s ide  of (4) i s  none o the r  than tc(max)  - to= |  = 
= qR/k~ i . e . ,  i t  i s  the m a x i m u m  t e m p e r a t u r e  d i f f e r -  
ence  which i s  e s t a b l i s h e d  be tween  the c e n t e r  and the 
b a s e  of the  p la te  in  the  s t eady  s t a t e .  T h e r e f o r e  

Oclm.~)__O=te(max)__to - 2 qR exp(--ix~Fo). (7) 2 

F r o m  (7) 

4R 2 
~2  

The quant i ty  

In (te(ma• - -  re,) - -  In (tc<m.x) - -  teJ 

T ~ .  T i 

(8) 

In (tc(m~x) - -  tc, ) - -  In (tcim.x I - -  to2 ) 
1 

"~9 - -  "gi 

a p p e a r i n g  in (8), p o s s e s s e s  a l l  the  p r o p e r t i e s  of the  
coo l ing  r a t e .  

S i m i l a r  compu ta t i ona l  f o r m u l a s  m a y  be obta ined  
a l so  for  s a m p l e s  of o the r  g e o m e t r i c a l  shapes  (sol id ,  
hol low c y l i n d e r ,  and sphe re )  with the  one d i f f e r ence  
tha t  the  coe f f i c i en t s  in  (8) wi l l  be d e t e r m i n e d  by the 
r o o t s  of the  c o r r e s p o n d i n g  c h a r a c t e r i s t i c  equa t ions .  

To v e r i f y  the  ca l cu l a t i on  r e l a t i o n s  (3), (6), and (8), 
a s i m p l e  e x p e r i m e n t a l  s c h e m e  was  used .  T e s t  s p e c i -  
m e n s  w e r e  f o r m e d  in the  shape of p l a n e - p a r a l l e l  squa re  
p l a t e s  o r  d i s k s .  To c r e a t e  the  r e q u i r e d  bounda ry  con-  
d i t ions  of  the  f i r s t  k ind we used  a c l a m p  c o n s i s t i n g  in  
the  m a i n  of two hollow p l a n e - p a r a l l e l  c y l i n d r i c a l  cop -  
p e r  " c o o l e r s "  wi th  c a r e f u l l y  ground s u r f a c e s .  The 
c o o l e r s  w e r e  jo ined  t o g e t h e r  by r u b b e r  h o s e s  th rough  
which w a t e r  was  p a s s e d .  One junc t ion  of a d i f f e r e n t i a l  
t h e r m o c o u p l e  was  embedded  in the  s u r f a c e  of one of  
the  b locks  be fo rehand ,  the  second  junct ion be ing  in -  
s t a l l ed  at  the c e n t e r  of  the  p la te  be fo re  the  tes t~  The 
t e m p e r a t u r e  d i f f e r ence  be tween  the  spec imen ,  i n i t i a l l y  
at  r o o m  t e m p e r a t u r e ,  and the " c o o l e r s " ,  th rough  which 
w a t e r  was  f lowing,  was  r e c o r d e d  with a g a l v a n o m e t e r .  
When the m a x i m u m  s t e a d y  t e m p e r a t u r e  d i f f e r ence  was  
e s t a b l i s h e d ,  the  s p e c i m e n  was  p l aced  in the  space  b e -  
tween  the " c o o l e r s " ,  and was  squeezed  t ightlY be tween  
t h e m .  The v a r i a t i o n  of t e m p e r a t u r e  with t i m e  was  r e -  
co rded  in  one c a s e  with a g a l v a n o m e t e r  and s top  watch,  
and in  another  c a s e  with a p h o t o - e l e c t r i c  r e c o r d e r  
type  N 373-1. The t r e a t m e n t  of the  r e s u l t s  obta ined  to 
f ind the  t h e r m a l  conduc t iv i ty  on the b a s i s  of (3) was  
c a r r i e d  out  by  the  method u s u a l l y  appl ied  in the  r e g u -  
l a r  r e g i m e  t h e o r y .  In doing th i s ,  in o r d e r  to avoid the  
need to c o n s t r u c t  a g raph  of lnO=f (~), we used  ano ther  
method,  the  e s s e n c e  of  which was  to r e c o r d  the  t i m e  
i n t e r v a l  du r ing  which the t e m p e r a t u r e  d i f f e r ence  chang-  
ed by a spec i f i c  f r a c t i o n  of i t s  i n i t i a l  va lue .  Since the  
s p e c i m e n  i s  l o c a t e d  i n i t i a l l y  i n s ide  the  " c o o l e r s " ,  
t h rough  which  a coo lan t  i s  p a s s i n g ,  the  t e m p e r a t u r e  
d i f f e r ence  be tween  t h e m  i s  a lways  known. F o r  e x -  
ample ,  le t  the  t i m e  i n t e r v a l  dur ing  which the t e m p e r a -  
t u r e  d i f f e r ence  d e c r e a s e s  f r o m  1/2 to 1 /4  of i t s  i n i t i a l  
va lue  be noted dur ing  the e x p e r i m e n t ;  i t  then fo l lows 
f r o m  (3) tha t  

4R 2 In 2 
a ~--  (9) 

j]~2 T2 - -  TI 

The da ta  of [2] a l low choice  of i u s t  such an i n t e r v a l  of 
t e m p e r a t u r e  change,  in which r e g u l a r  t h e r m a l  p r o c e s s  
occu r s~  The combined  boundary  cond i t ions  a r e  c r e a t e d  
by l oca t i ng  a l o w - i n e r t i a  p l a n e - p a r a l l e l  h e a t e r  a t  the  
c e n t e r  of the  p l a t e  (the p la te  i s  c o m p o s i t e ) .  The e x -  
p e r i m e n t a l  l ayout  i s  p r a c t i c a l l y  no d i f fe ren t  f r o m  tha t  
d e s c r i b e d .  

The t e s t  s p e c i m e n  i s  c o m p r e s s e d  in  a c l a m p  b e -  
tween  p lane  " c o o l e r s "  th rough  which,  as  in  the  f i r s t  
e a s e ,  w a t e r  at  cons t an t  t e m p e r a t u r e  i s  p a s s e d .  A con-  
s tan t  e l e c t r i c a l  power  i s  suppl ied  to the  h e a t e r .  F r o m  
the  e x p e r i m e n t  we find the  r e l a t i o n  t = f (T) and t m a  x 
(in the  s t eady  s t a t e ) .  F r o m  t h e s e  da ta  a g raph  of 
ln( tma x - t)  = ~(t)  i s  c ons t ruc t e d ,  which i s  a s t r a i g h t  
l ine  for  an e s t a b l i s h e d  t h e r m a l  p r o c e s s  (Fo > 0o3). 
Knowledge of the  s lope  of th i s  l ine  p e r m i t s  us to c a l -  
cu la te  the  t h e r m a l  d i f fus iv i ty  f r o m  r e l a t i o n  (8). 

We i n v e s t i g a t e d  s p e c i m e n s  of p l e x i g l a s s  and of c e r -  
t a in  o the r  m a t e r i a l s .  F o r  p l e x i g l a s s ,  which we chose  
as  a " s t a n d a r d "  m a t e r i a l ,  the  m e a n  va lue  of the  t h e r -  
m a l  d i f fus iv i ty  found f r o m  r e l a t i o n s  (3) and (8), was  
m2 / se e ,  which  a g r e e d  with the  ava i l ab l e  da ta  in the  
l i t e r a t u r e  wi th in  3 - 6 % .  The m a x i m u m  e r r o r  in de -  
t e r m i n i n g  the  t h e r m a l  d i f fus iv i ty  on the b a s i s  of  (6) 
was  10-12%.  

We r e s t r i c t e d  o u r s e l v e s  in t h i s  c a s e  to a c o m p a r i -  
son of the  r e s u l t s  obta ined  with  r e s u l t s  of o the r  au -  
t h o r s  [4], which in e s s e n c e  i s  only  an i n d i r e c t  eva lua -  
t ion  of the  a c c u r a c y  of the  t echn iques  examined .  

The e r r o r  in d e t e r m i n i n g  t h e r m o p h y s i c a l  p r o p e r t i e s  
by any method ,  as  i s  known, r e s o l v e s  into two p a r t s ,  
of  which one p a r t  i s  d e t e r m i n e d  by the  e r r o r  in m e a -  
su r ing  the quant i ty  e n t e r i n g  into the  ca l cu l a t i on  f o r m u -  
l a s .  Eva lua t ion  of  th i s  p a r t  of the  e r r o r  i s  not diff icul t ,  
and the  quant i ty  m a y  be r e d u c e d  to a m i n i m u m  by us ing  
a m o r e  r e f i ne d  m e a s u r e m e n t  t echn ique .  The g r e a t e s t  
d i f f icu l ty  i s  to eva lua t e  tha t  p a r t  of the  to ta l  e r r o r  
which i s  due to dev ia t ion  of the  condi t ions  of the  ex -  
p e r i m e n t  f r o m  the  r e q u i r e d  t h e o r e t i c a l  p r e r e q u i s i t e s .  

Some of the  a s s u m p t i o n s  and ca l cu l a t i ons  tha t  we 
made  in  e s t i m a t i n g  the  second p a r t  of the  e r r o r  a r e  
a s  fo l lows .  R e l a t i o n s  (3) and (8) w e r e  obta ined  f r o m  
o n e - d i m e n s i o n a l  so lu t ions .  In o r d e r  to j u s t i fy  the v a -  
l i d i ty  of app ly ing  t hem to s p e c i m e n s  of f in i te  s i ze ,  we 
c a r r i e d  th rough  c a l c u l a t i ons  based  on so lu t ions  of the  
c o r r e s p o n d i n g  t w o - d i m e n s i o n a l  p r o b l e m s ~  These  c a l -  

. cu la t ions  p r o v i d e d  a b a s i s  for  r e a c h i n g  the conc lus ion  
tha t  i f  the  r a t i o  be tween  the l i n e a r  d i m e n s i o n s  of the  
p l a t e  i s  equal  to o r  g r e a t e r  than 1/3 ,  the na tu r e  of 
the  v a r i a t i o n  of the  t e m p e r a t u r e  f ie ld  in the  m e a s u r e -  
men t  r e g i o n  (the c e n t e r  of  the  p la te )  a g r e e s  wi th  the 
c o r r e s p o n d i n g  v a l u e s  in  the  in f in i te  p la t e  to wi th in  
o .5%~ 

It i s  c l e a r  t ha t  t h e s e  i n f e r e n c e s  wi l l  be va l id  only 
for  the  c a s e  when the  t e m p e r a t u r e  d i f f e r ence  be tween 
the  s p e c i m e n  and the  s u r r o u n d i n g  m e d i u m  i s  not too 
l a r g e .  

The second  a p p r e c i a b l e  and di f f icul t  to ca l cu l a t e  
s o u r c e  of e r r o r  i s  the  add i t iona l  t h e r m a l  r e s i s t a n c e s  
a r i s i n g  at  the  po in t s  of con tac t  of  the  p la te  with the  
p l ane  " c o o l e r s " .  In v iew of the a b s e n c e  of any o the r  
g e n e r a l  C r i t e r i a  p e r m i t t i n g  us  to e s t i m a t e  the  e r r o r  



JOURNAL OF ENGINEERING PHYSICS 327 

of this type, we took steps to reduce it by careful 
treatment of the surface and by compressing the spec- 
imen. It was assumed also that change in the thermo- 
physical properties ~, X, C for small temperature 
drops does not introduce distortion into the nature of 
variation of the temperature field, and, therefore, 
avoids the need to introduce any correction coefficients 
into the calculation formulas. 

The method that we used to determine the thermal 
diffusivity of solid materials, subject to boundary con- 
ditions of the first kind, is simpler than the calorim- 
eter method; moreover, the imposition of combined 
boundary conditions allows a composite determination 
of the thermophysieal properties to be done, using a 
combination of purely unsteady and steady thermal 

s t a t e s .  
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